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Abstract In this paper, we address the most basic case of a routing

The coordination ratio is a game theoretic measure that aimspteoblem. As proposed by Koutsoupias and Papadimitriou

reflect the price of selfish routing in a network. We show thfcg] we consider a network that consist of parallel links
the worst-case coordination ratio on parallel links (of possibly X

different speeds) is 132, ..., mfrom an origin to a destination, all with possibly
different speeds,...,sn. There aren agentsl, 2,... n,
( logm ) ' each having an amount of traffie; to send from the origin
log log logm to the destination (we assume throughout the paper that all

Our bound is asymptotically tight and it entirely resolves an opc‘—SY]i "’.‘re ”‘?”'”egaﬂv‘?‘)- Each age';nt 6 {1, omj, Sel’.ldS the
guestion posed recently by Koutsoupias and Papadimitriou [3]. traffic using a possibly randomizetixed strategywith p}

denoting the probability that agehsends the entire traffic
1 Introduction wy to a linkj. We assume the agents agelfishin the

In an attempt to measure the efficiencyran-cooperative S€Nse that each of them tries to minimize its individual cost.
network systemglike the Internet), Koutsoupias and paAssuming each agent is aware of the strategies of the other
padimitriou [3] proposed to investigate the relationship bagents and behaves in a non-cooperative and selfish way, the
tween the systems in which each user is aware of the si¥stem will come to &ash equilibriumi.e., a combination
ation facing all other users and trying to optimize its owdf fypically randomized choices (mixed strategies) from
strategy (that is, being in BNash equilibriur) and optimal Which no agent has an incentive to deviate.

strategies in such systems. Similar questions have been al-We notice that the model considered in this paper is
ready considered in game theory (see, e.g., [7]) and they argimplification of the problems arising in real networks.
at providing some knowledge about systems having no é&wever, as pointed out in [3, 5, 7], this model seems
ordination, in which each user may behave in a greedy!@r be appropriated to describe several basic networking
anarchic way. It is well known that Nash equilibria do ndiroblems. We believe that understanding the ratio between
always optimize the overall performance (see, e.g., the PH&Ist possible Nash quilibrium and the social optimum in
oner's dilemma [8]). Therefore, in order to understand tiglimple situations is necessary for making rigorous analyzes
phenomenon of non-cooperative systems Koutsoupias Hhgrore complicated networks. Readers interested in more
Papadimitriou started investigations of the behavior of t§&tailed exposition of this model and in its applications are
worst-caseoordination ratiq which is the ratio between the'éferred to [3, 5, 7, 9].

worst possible Nash equilibrium and the social (i.e., overall) The model. We define now our model formally trying
optimum. In other words, this analysis seeks the price {gffollow the notation used by Koutsoupias and Papadim-
uncoordinated individual utility-maximizing decisions (“thdtriou [3]. _

price of anarchy”). Koutsoupias and Papadimitriou [3, 7] The routing model described above can be formally de-
proposed to investigate the coordination ratio for routirfped as an allocation problem with independent links with

problems in which a set of several agents want to send sotR€dSs1, ..., sm and n independent tasks with weights
traffic from sources to destinations. wi,...,Wn. The goal is to allocate the tasks to the links

to minimize the maximum load of the links in the system.
~*Supported in part by NSF grant CCR-0105701 and by SBR grant No. We use the standard notatiofN] to denote set
421090. {1,...,N}. The set ofpure strategiedor taski is therefore

TSupported in part by DFG grant Vo889/1-1 and the IST program of tl[\ﬁl] and amixed strategys a distribution on this set.
EU under contract number IST-1999-14186 (ALCOM-FT).



Let (j1,...,jn) € [mJ™ be a combination of pureconsidered above in which all links have the same unit speed

strategies, one for each task, étsstfor taski is and all weights are the same, the uniform probabiliﬁ;@&
W % for all j € [m] andi € [n] define a system in a Nash
ko equilibrium.
oy i For the rest of the paper, we fix an arbitrary Nash

o ] ] . equilibrium, that is, fix the prObabi”tie@Die[n],je[m] that
which is the time needed for link chosen by task t0 gefine a Nash equilibrium. Let us consider the randomized

complete all tasks allocated to that Ik ~ allocation strategies in which each taisks allocated to a
~ Similarly, fOT[ a combination of pure strategiegingle link chosen independently at random according to the
(j1,---,jn) € [m]", theload of link j is defined as probabilitiesp}, that is, taski is allocated to linkj with
Wi probability pl. Let Cj, j € [m], be the random variable
. ; : indicating theload of linkj in our random experiment. We
k=) observe thatC; is the weighted sum of independedt]
Given n tasks of lengthwy, ..., w, andm links of random variabled;, Pr[J; = 1] = p;, such thatC; =
speedsq,...,sm, let opt denote thesocial optimum that Jj Sigwi Tk
is, the minimum cost of a pure strategy: Let ¢ denote themaximum expected loawler all links,
that is,
. Wi
opt = min max — . c = maxl{ .
Giyein)€ml™ jem]  S—_ S5 j€lm]

iji=j

Notice thatE[C;] = {;, and therefore = max ) E[C;].
Finally, we define thesocial costC to be the expected

maximum load (instead of maximum expected load), that is,

For example, if all links have the same unit spegd=£ 1
for everyj € [m]) and all weights are the samev{ =
1 for everyi € [n]), then the social optimum i$-].

Furthermore, it is easy to see that in any sysigm > C := E[maxC;] .
T i, In general, however, computing the social optimum jelml]
_°)

is N"P-hard even for identical speeds (see [3]).
Letp] denote the probability that ageirgends the entire
traffic w; to a linkj, and let{; denote theexpected loaan

Observe that < C and possiblye < C. Recall thatopt
denotes thsocial optimundi.e., the minimum cost of a pure
strategy). In this paper our main focus is on estimating the

link , that s, 5 coordination ratiowhich is the worst-case ratio
Wi P;
Ej = Z Tl . C
iem] I R = maxﬁ ,

For a taski, the expected cost of tagkon linkj (or its

finish timewhen its loadw; is allocated to link [3]) is equal Where the maximum is over all Nash equilibria.

to We shall use also standard notation to denoté @y)
; the Gamma (factorial) functiofwhich for any natural num-
' wi Wy P} oWy ) . :
= —+ Z — = 4+ (1 —pl)— . berN is defined byI"(N + 1) = N! and for an arbitrary real
5 a5 S numberx > 0is defined a§(x) = [ t*~' e~ " dt, see also
http://functions.wolfram.com/GammaBetaErf/Gamma/ ).

D?':'N'T'ON 1.1. (Nash equilibrium) The probabilities e shall use frequently the inverse of the Gamma function,
(Pi)iemy jerm) define aNash equilibriumif and only if any 1(=1)(N), where for our applications we shall use the fact
taski will assign non-zero probabilities only to links thathat(—1)(N) = x such that|x|! < N —1 < [x]!. We no-

minimizec!, that is, (p]) > 0 impliesc] < c{, for every tice that it is well known thaf(~ ) (N) = e (140(1))

q € [m]. and that o/e)* = N for2 o« = T=1(N) + ©(1).

In words, a Nash equilibrium is characterized by the . | . q dimitri
property that there is no incentive for any task to chan%ie; Previous results. Koutsoupias and Papadimitriou [3]

its strategy. As an example, we observe that in the syst itiated the study of the worst-case coordination ratio and
' ' show the following results for networks consisting wof

IIn the original formulation of Koutsoupias and Papadimitriou [3], aFl)ara"el links:
additional additive terniJi was used. However, since in all papers we
are aware of all analyzes assumetd = 0, we skipped that term in 2To see this, observe, for example, Stirling's formula fsf =
our presentation. We want to point out, however, that our bounds are fist/e)N - v/27tN - (1 4 o(1)), from which one can easily derive the re-
affected by these additive terms. quired inequality.



¢ Fortwo identical links the worst-case coordination ratio The theorem follows directly from the following two
is exactly3. lemmas.

possibly different speeds) the worst-case coordination

igicd — 1+V5 ) lo
ratioisg = =5 c = opt-O | min _ogm , log S
. . ) L . loglogm Sm
e Form identical links the worst-case coordination ratio
is O ,Og)ﬁ)g“m) and it is at mosB + v4m Inm. where it is assumed that the speeds satigfy - - - > sp,.

e The worst-case coordination ratio for any numbgreyiva 1.2. The social cos€ satisfies
of tasks andm (not necessarily identical) links is

O(y/s= X% <= Vlogm), wheres; is the speed of logm

link j, andsy; > s; > -+ > sy C =opt-O |Og(opt~logm)
C
Mavronicolas and Spirakis [5] greatly extended some of
the bounds above and show the following results in the so- Observe that in the special case when all links are iden-

calledfully-mixed modét tical, the coordination ratio i©® (Ioﬁagm) by Theorem 1.1.

« Form identical links in the fully-mixed Nash equilib-R€cently, and independently of our work, also Koutsoupias
rium the worst-case coordination ratio @(Iog)%nm) et al.. [4] obtained the same upper bound. Howevgr, in this
(see also [1]). SpECIEU case we g_et a much stronger bound that is actually

tight up to an additive constant.

e Form (not necessarily identical) links andidentical
weights in the fully-mixed Nash equilibrium, i <, THEOREM1.2. For m identical links the worst-case coor-

then the worst-case coordination rati(ﬂslog’%gn ). dination ratio is at most
We emphasize that besides the very special case of F-1(m) + 0(1) = logm 1 +0(1) .
2 parallel links, no asymptotically tight results have been loglogm

known even for systems with identical links. In particular, ) i )
even the main conjecture from the work of Koutsoupias and 1 Nis bound improves upon the result due to Mavronico-

Papadimitriou [3] that the worst-case coordination ratio S g.nd'Spirakis' [5], not only by extending the class of Nash
m identical linksis ©( |o§%31m) has remained unproved priopqglhbnafor which the upper bound hqlds, but also by tlght—'
to our work. ening the result up to a constant additive factor. Indeed, as it

was observed by Koutsoupias and Papadimitriou [3] and by
1.2 New results. Our first result is an upper bound for thd1avronicolas and Spirakis [5], one can obtain a lower bound
worst-case coordination ratfo. for the worst-case coordination ratio far identical links

by considering the system in which all = m tasks have
THEOREM1.1. The coordination ratio fom parallel links P, = . for everyi,j € [n]; the classical result of Gonnet
is bounded from above by [2] implies that in such a system the worst-case coordination

ratio isT(= (m) — 3 + o(1).

o . logm logm Furthermore, we prove that our analysis of the upper
min , , . X . ;
log loglogm log <| (|09m )) bound in Theorem 1.1 is asymptotically tight.
0og(s1 /Sm

THEOREM 1.3. The coordination ratio fomn parallel links

here it is assumed that the speeds sat > . .
where LIS assu speeds saligfy - > sm is lower bounded by

In particular, the worst-case coordination ratio fon
parallel links is

. logm logm
_ logm £ | min log log logm’ Iog( log m. )
logloglogm log(s1/sm)

In particular, the worst-case coordination ratio fon paral-
) 3Thefully-mixed modeis a special class of Nash equilibria in which alﬁe| links is
p] are non-zero. logm
4To simplify the notation, throughout the entire paper, for any non- ()
negative reak we shall use log to denote logc = maxlog, x, 1}. |Og |09 Iogm



In fact, we will show, analogously to the upper bound, We observe that all the tasks that have positive proba-
that, for every positive real and everyS > 1, there exists bility on g must have weight larger thany. Indeed, if one

a set ofm links with SS—‘“ = S having a Nash equilibrium such a task had weightw; < s;, then it would have ex-
satisfying (lopt =, pected cost on link to be at most; + st—l <O 41 <4,
which contradicts the assumption that all tasks with positive
(i) ¢ =opt-Q <min{ logm log ( 81 >}) . probability ong have minimal expected cost anin Nash
loglogm Sm equilibrium.

Thus, we have shown the existence of a taskweight

and w; > s7. Recall that linkl is the fastest link and its speed
is s1. Therefore the cost of allocating tasko any link will
(i) C = opt-Q logm ‘ lead to the cost that is bigger thanConsequentlyopt > 1,
log (m) which contradicts our initial assumption thatt = 1. This
completes the proof of Claim 2.1. O

Combining Theorems 1.1 and 1.3 we obtain asymptoti-
cally tight bound for the worst-case coordination ratioffior .
parallel links. )

The next claim gives a lower bound g in terms of
k+1-

CLAIM 2.2. Fork > 1,jx > (K + 1) jxy1-

2 Upper Bound: Proof of Theorem 1.1
In this section we prove Lemmas 1.1 and 1.2, from whigﬁrOOf' Let T. pe the set of tasks in the ;ystem that‘have pos-
Theorem 1.1 directly follows. |t|ye proba.b|I|ty on at I_east one of the links {m, . ).)k+1_}-

Fix an optimal allocation strategy f@Str . We distinguish
between two different ways of how ”@Str might allocate

2.1 Proof of Lemma 1.1. Fix an arbitrary Nash equilib- the tasks ifT to the links.

rium, that is, fix the probabilitie$p{)ie[n])je[m] that de-
fine a Nash equilibrium. Without loss of generality, assun@ase 1:Suppose ®@TStr allocates at least one of the tasks in
s1 > s, > --- > s, Let us normalize (scale) the weightd to a linkj, j > jx. We will show that this impliespt > 1

of all tasks such thaipt = 1. Under this normalization, we and hence contradicts our assumptions.

have to show that = O( 222" ) ande = O (Iog (:71)) Let W1 denote the minimum weight of the tasksTin

We prove these bounds in two separate Lemmas 2.1 and \évﬁ f|rst. derlye a Iowgr bound owr. The expgcted. load
of the links in{1,...,jx+1} (@and hence of all links inT)

LEMMA 2.1. ¢ < T-D(m) 4+ 1 = Jeam (1 4 (1)), is at leastk + 1. The expected load of link. + 1 is less

loglogm thank. Therefore, the requirement of Nash equilibria yields

Proof. For k > 1, definej. to be the smallest index inWr > sj,+1. Butthis implies thatv?/llocating a task from
{0,1,...,m}such that;, ;1 < k or, if no such index exists, t0 link j gives cost at Ieasl’;’TT > 5,y > 1 whichyields
k = m. Let us observe that the following properties hold: opt > 1 and hence a contradiction .

o foreveryk > 1with 0 < ji < m, all linksj < j, have Case 2:Now let us assume @rStr allocates all tasks i

load at leask, and to the links in{1,...,jx}. We will show that this implies
ik > (k+1)jqr.
e for everyk > 1 with 0 < j, < m, link jx + 1 has load Let Wst denote the sum of the weights of the tasks in
less thark. T. On one hand, we observe thats 1 is lower bounded by

the sum of the expected weight on the linKks...,j ,
Letc* = [c — 1]. We will show thatj; > c*!. Combining ihatis P g B S

this inequality with the obvious constraint < m will imply

an appropriate upper bound on k1 Tt )

In order to estimatg;, we start with estimatinge.. WeT = > Wi > ) wi- Y pi = > ) wip)
Observe that link does not need to be the link with highest ieT ieT j=1 j=1 1T
expected load. The following claim, however, shows that ki1 jrt1

is close toc*. Y wipl =) sy
j=1 i=1 j=1

LAIM 2.1.j.~ > 1,and hen > c*. . .
c Jer 2 1,and hence, > Therefore, sincé; > k + 1 for all j < ji.1, we obtain

Proof. For the purpose of contradiction, assuijge = 0. S S

This implies thatl; < ¢* < ¢ — 1. Let q denote the link W > Z s > (k+1) Z s .
with the maximum expected load. Thén+1 < ¢ = {. = i



On the other hand, since we assumed it = 1 and We conclude the proof of Lemma 1.1 by observing that
OpTStr allocates all tasks iff to the links{1,...,j}, we it follows directly from Lemmas 2.1 and 2.2. O
obtain

Sk 2.2 Proof of Lemma 1.2.Without loss of generality, let us
Wrr < ;Si : assume thadpt > 1 and thats; > s, > --- > s,,. Then,
=

we have to show that = O (Wﬂ%) Recall that

Combining these inequalities give ;;s; > (k + ¢, is a random variable describing the load on linkWe

1) ;’:1‘ sj. Since the sequence of link speeds is nohaveE[C;] = {; < c andC = E[maxc C;]. Thus, we

increasing, this implies thgi > (k + 1)jx4+1. This com- need to show, for every € [m], that it is unlikely thatC;

pletes the proof of Claim 2.2. O deviates much from its expectation. For this purpose, we
will use a Hoeffding bound. In order to apply this bound, we

Finally, we combine the two claims above and obtain need to show that the weights of the tasks assigned to link

i1 > () jer > (). j cannot be much larger than. This is shown in the next
N B lemma.
By definition,j; < m. Consequentlyc*)! < m, which . o )
impliesc < T-D(m) +1 = Io'gog);“m (1 + o(1)). This LEI\{IMA 2.3. For every linkj and every task with p! €
completes the proof of Lemma 2.1. o (0,z],wi <12s50pt.
Next, we prove another upper bound for the maximuRyoof. Previously, in the proof of Lemma 1.1, we defined
expected cost. indicesj, providedopt = 1. Now, we extend this definition
to for arbitraryopt in natural way: fork > 1, we defingy as

LEMMA 2.2. ¢ = O(log(s1/sm)). the smallest index if0, 1, ..., m} such that;, .1 < k-opt,

pank=m, if no such index exists.
With this modification, we first observe that Claim 2.3
holds without any change. Therefore, we apply Claim 2.3 to
CLAIM 2.3. For1 <k <c—3,85,,,+1 > 2Sj,+41. show thatw; < 12s; opt for pl € (0, %]. First, assume that
j e fx+1,...,jx_1} for somek < ¢ — 3. Then, on one
hand, the expected cost of taisé&n link j is

Proof. The following claim shows that the speeds of t
linksji,j2,...increase in a geometric fashion.

Proof. Fix an optimal strategy ©rStr . Notice that every
link j° < jx42 has costly, > (k+2) > 1 = opt.
Therefore, @TStr has to allocate at least one of the tasks ; iy Wi 3wy
that have positive probability on one of the links . ., jx. 2 ¢ =4+0-p) S5 2 (k=1)-opt+ 4s;
to the linksji2 + 1...,m. (Observe that in Section 2.1 )

it is shown thatj|._1; > 1. Hence, the existence of linkbecause; > (k —1)opt and1 — _P{ > 3. On the other
jx+2 > jle_1) is guaranteed.) Clearly, such a task cé#and, the expected cost of taiskn link jii2 + 11is

have weight at most;, , ,;1 because otherwise the cost of

)

Lo W

OpTStr would be larger thawpt. Therefore, there exists a i < Gt o -

. . . . . S)k+z+1

linkj €{1,...,jx+2} and a task of weightw; < sj, ., 41 Wi

with p} > 0. < (k+2)-opt+ o~ ,
i Sj

On one hand, the expected cost of task link j in the

Nash equilibrium is at least + 2 because, foj < ji,2, by applying{;, . ,+1 < (k+ 2)opt, 8j, ,+1 > 285,47

we havec! > {; > k 4 2. On the other hand, the expecte(Claim 2.3), ands;, 1 > s;. Since we assume a Nash

cost of taski on link jx + 1 is c{k“ < k4 wi/sj, 1. equilibrium, the cost of task on link j cannot be larger

Now, the Nash equilibrium property implies that the cost &fan the cost of task on link ji,> + 1. Consequently,

taski on link j is not larger than oy, + 1. Consequently, (k — 1) opt + 342’; < (k+2)opt + 35, which implies

k42 <k+wi/sj 41 <k+5j,,,+1/85.+1. Clearly, this wi < 12s; opt.

inequality implies thafs;, 11 < sj,,,+1 and hence, Claim It remains to investigate the cage< ji, wherek =

2.3 is shown. O |c—3]. We observe that the expected cost of task the
fastest links; is at mostc - opt + opt = (c + 1) - opt.

Claim 2.3 says that in a Nash equilibrium the speege expected cost of taskon link j, however, is at least

decrease geometrically with the cost. This implies that 1 . ;¢ 34vsvii > (c—4) - opt + 34vsvii_ Hence, in this case

Sm < sj, < 272l < 2emSl2 g wi < £ s; opt. This proves Lemma 2.3. o

Thus,c < 2 log(s1/sm) + O(1). This completes the proof Now we will apply the lemma in order to show that for
of Lemma 2.2. O everyj € [m], itis unlikely thatC; deviates much from its



expectation. First, let us focus on a single link. Fix a ljpk where the last inequality holds for > ro, wherery is
j € [m]. Let T].”) denote the set of tasks Wiﬂ,{L e (0, %] a sufficiently large constant. Finally, if we substitute=
r=1(ml2ert/c) 4 Kk, for a suitably large constaity, we

N obtain(e/A)*¢/(120pt) < 1 As a consequence,
andC ) denote random vanables that describe the cost

ande(z) the set of tasks withp] € (1,1]. Furthermore, let

on linkj only counting tasks |rT andT ), respectively. C < (A+6)c
Clearly, only tasks Wltt’pJ > 0 can be aIIocated to link Finally, we observe that in our case\ _

Hence,C; = C )+ C ., <—c-|og(()§$tkig;:n/c) ) to conclude that
First, let us conS|der the tasksTgﬁ only. Recall that

C; is defined as the weighted sum of indepen@ehtandom

variables]}, Pr[J] = 1] = p}, such thaC; = Y ' ; 2 . Ji. C = opt-O .
) opt logm

Thus, C;" is a weighted sum of independeil random '09( = )

variables as well. Notice that> opt. Next, by Lemma 2.3,

we can upper bound the maximum weight in this sum by3  Extension of Lemma 1.2 for identical links: Proof of
MAX; (1) s < 12opt. Hence, we can apply a Hoeffdingrheorem 1.2. It is easy to simplify the proof and to improve

logm

bound to obtain Lemma 1.2 when all links are identicali, that is, gllare the .
same. In that case, one can assume without loss of generality
1 e E[C] xc/(12opt) thatopt = 1 ands; = 1 for everyj € [m]. LetT/,j € [ml],
Pric;" > ac] < ((XC’> denote the set of all taskswith p} > 0. Given that, we can
show the following lemma.
e f xc/(12opt)
< <(x C) LEMMA 2.4. In the systems with identical links it holds that

T s C : i j
< (efa)e/(120nt) piwi > {5 —1forallje [m],ieT.
,, Proof. We use similar arguments as in the proof qf Lemma
for everyx > 1. Now, let us consider the tasks W}t i 2.3. The cost of taskon linkjisc] = & + (1 —p))w
Sincep) > 1 for everyi € Tj(z), we immediately obtain Let g be any link with¢, < L Zre L. Clearly,{, < 1
and hence? < 1+ w;i. Now, the Iemma follows from the

C§2) <4 E[C§2)] < 4c. As a consequence, ] : -
requirement’ < c{ of Nash equilibria. 0

X xc/(120pt)
PriC; 2 (o) el < (e/a) , foreveryo > 1 . We consider two separate cases. Suppose first that
Until now we focused on a single, fixed link. Summing — ! = Z/F(f”(m)' Notice that Lemma 2.4 implies that
over allm links, by the union bound, the probability that thd = X ici PiWi > |T’\ (¢ —1). Since we have; < 2
maximum costC = maX ¢, C; does exceefx + 4) ¢ can and]/({Z —1) < TV (m)/2, we obtain|T/| < /(4 —
be bounded from above byt - (e/oc)"“:/(120pt Recall that 1) r=(m). This inequality immediately implie€; <
C is defined to be the expectation of the maximum cost over '’ (m) because in this case at mést ' (m) tasks have
all links. Hence, for every integér > 1 we can estimat€ POSIUVe probability on linkj. The other case we have to
as follows. consider is wherE[C;] = & < 1+ 2/T=1(m). Here,
applying Hoeffding bound in the same way as it is done in
the proof of Lemma 1.2 yield§; < I'=1)(m)+ O(1), with

= ili I — L. Thi ily implies Th 1.2.
CElL < diAct Z PILL > (ot 4)c] probability at leasi — —-. This easily implies Theorem

O
x=A
< (A4Nct+m- i(e/cx)cxc/(]Zopt) 3 Lower Bound: Proof of Theorem 1.3
a -y This section is devoted to the proof of Theorem 1.3, which
< (44N c+2-m-(e/A)re/12opY) states that our upper bounds proven in the previous section

are essentially tight.
Our analysis follows a course similar to the one for the
5In this paper we use the following standard version of Hoeffdlngpper bound in the previous section. First, we will describe

bound: Let X;,...,XN be independent random variables with values
in the interval [0, z] for some z > 0, and let X = Z _ 1 X{, then for any t a mixed strategy in Nash eqU|I|br|um Wlthjt - ( ) and

it holds that Pr(y N | X; > t] < (e-E[X] /1)*/%. c =0 (log’ﬂ);“m). Then, we apply a stochastic analysis




showingC = ¢ - © ('09((:38%) Finally, we will take
into account also the speeds of the links in our construction.
Combining these bounds yields the theorem.

In fact, our construction can be easily generalized to
show that for every positive realand everyS > 1, there

exists a set ofn links with > = S having a Nash equilib-

rium satisfyinge = Q (opt : min{,o';%glm, log (;—;) })
_ . logm _
C=opt-Q (Iog( o5 g | andopt = .

3.1 Lower Bound for Pure Strategies.We start by defin-
ing a pure strategy that we will transform afterwards into

a mixed strategys’. Without loss of generality, lef/m be

an integer. We considé€ + 1 groups of links0, 1, ..., K,

for a suitableK to be defined later. The groups are defined as
follows:

e for 1 < k < K, the number of links in grouf is equal
to y/m - £l (notice that forl < k < K the number of
links in groupk is exactly(k + 1) times the number of

links in groupk + 1), 3.2

speed2*~'. Therefore, if we allocate each task from
groupk to a single link in grougk — 1, then since the
weight of each task i8* and the speed of each link is
2k=1 the cost of every link in the system is at mast
Hence, the social optimum is at mast

To see the lower bound farpt, let us observe that any
taski in groupK has weightw; = 2¥ and the fastest
link j has speed; = 2X. This implies that the social
optimum cannot be smaller thdff =1.

. Let us take any task that is allocated to linkr in

groupk > 1 and letj be any link,j # r, in groupt,

0 <t < K. In order to prove that the system is in a
Nash equilibrium, we must prove only thet > cI.
Observe that! = k andc] = ¢ + =t 20

As t + 2=t > ¥k for any non-negative andr, none

of the tasks allocated tohas an incentive to migrate to
another link. Therefore, by Definition 1.1, the system is

in a Nash equilibrium. O

Lower Bound for Mixed Strategies. Clearly, since

the strategyS is pure, we have = C. Now, our aim is

e the number of links in group is at least,/m - K, to slightly modify the allocation of tasks to obtain a mixed

strategyS’ for whichC =c - © (mg((:ggﬁ
o We focus our attention on grodfa Let L denote the set

e for 0 < k < K, for each link in groupk, there are of jinks in this group.L contains,/m links. Each of these
exactly k tasks of weigh2* each having probability jinks has spee, and to each link we have assigned exactly
one to be allocated to this link. K tasks of siz&K each. Lefl denote the set of these tasks.

é|'|he cardinality of this set is/m - K. Now, we change the

pure strategys into a mixed strategy’ by settingp! \/1?

for everyi € T, j € L. We observe the following properties

for our new mixed strateg§’.

e for 0 < k < K, the speed of the links in grodpis 2%,

In our constructiorK can be chosen to be any positive integ
that satisfies/m - Y y_, & < m. Thus, in particular, our
analysis can be carried over for Hllsatisfying,/m-K!-e <
m, and hence, forak < (=1 (y/m/e) — 1.

P . .
LEMMA 3.1. StrategysS satisfies the following properties: LEMMA 3.2. Strategys' satisfies the following properties:

1. the maximum load is = K, 1. the maximum load is= K.

2. the social optimum i$ < opt < 2, and 2. the social optimum i$ < opt < 2,

3. the system is in Nash equilibrium, and

).

3. the system is in Nash equilibrium.
logm

4. the social costi€ = Q (W

Proof.

1. This property follows from the fact that if a linkis in  Proof.
groupk then its load isC; = X2° — k. 1

= 5;

The maximum load is the same as for strategy

. The social optimum cost can be achieved, for exam- 2
ple, by allocating all tasks “assigned” to the links in
groupk, k > 1, to the links in groupk — 1. Observe
that there are exactly- /m - % tasks assigned initially 3
to the links in groupk, k > 0 (and zero tasks assigned
to the links in grou) and each such a task has weight
2. On the other hand, there is at least the same num-
ber/m - 7%45; of links in groupk — 1, each link with

The value ofopt is unaffected by the modification of
the probabilities.

We have to check that the tasksTio not have smaller
expected costs on other links than on the linkd.in
Observe that the expected cost of these taskd on
slightly increased fronK to K + 1 — \/]ﬁ < K+ 1.

However, for every link ¢ L in groupt < K and any



ie T, wehave) = + = t+2K-t > K+1, where
the last inequality holds for any two integerand K.
Consequently, the system is in a Nash equilibrium.

4. To observe this property, we notice that the allocation

[8] C. H. Papadimitriou and M. Yannakakis. On complexity as

bounded rationality. IfProceedings of the 26th Annual ACM
Symposium on Theory of Computing (ST(Qs2ges 726-733,
Montreal, Quebec, Canada, May 23-25, 1994. ACM Press,
New York, NY.

of the tasks ifT to the links inL corresponds to the [9] T. Roughgarden an&. Tardos. How bad is selfish routing?

allocation problem of throwing/m - K balls uniformly
at random into,/m bins (see, e.g., [6]). In expectation,
it is known that the expected maximum occupancy

in this allocation problem i (K+ m((mi"‘)

logm)/K)
which is® (W) in our case. Since the sizes

of the tasks inl correspond to the speeds of the links
in L, this bound on the maximum occupancy directly
implies a lower bound on the social cost. a

Thus by Lemma 3.2, for every positive integer <
J(ym/e)—1= Ng’ggﬁ (1+0(1)), there exists a set
of m links and a Nash equilibrium with Idg;/sm) = K
(unlessk = 1, in which cases; = su), 1 < opt < 2,

¢ =K, and B

Iog m

Moreover, we can easily extend this construction to hold for
arbitrary positive values afpt. This completes the proof of
Theorem 1.3. a

cC=0
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